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Abstract A numerical simulation was performed to investigate the interaction of two bubbles rising side by side
in shear-thinning fluid using volume of fluid (VOF) method coupled with continuous surface force (CSF) method.
By considering rheological characteristics of fluid, this approach was able to accurately capture the deformation of
bubble interface, and validated by comparing with the experimental results. The rising of bubble pairs with different
configurations, including horizontal alignment and oblique alignment, was simulated by the method. The influences
of the bubble initial distance and the bubble alignment were studied by analyzing the bubble deformation, rising
paths and flow fields surrounding bubbles. The results indicate that within certain initial bubble spacing of §=33
(S"=Sy/D, S, initial distance between bubbles, and D bubble diameter), the dynamic interaction between two bub-
bles aligned horizontally shows repulsive effect that decreases with the increase of initial bubble spacing, but
weakens to certain degree by the shear-thinning properties of fluid. However, the interaction between two bubbles
aligned obliquely presents a repulsive effect for the small angle involved but an attractive impact for the large one,

which is yet strengthened by the rheological characteristics of fluid.
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1 INTRODUCTION

Rising of bubbles in non-Newtonian fluids has
received considerable attention in the literature owing
to its inherent scientific interest and significance in
industrial application, such as chemical, biochemical,
environmental, petrochemical processes [1, 2]. In typi-
cal equipment which employs bubbly flow, such as
bubbles column and bioreactor, bubble-bubble inter-
action is frequently encountered and will cause re-
markable changes in the flow fields and the bubble
dynamics in non-Newtonian fluids. Not only the shape,
velocity and the track of bubble are affected by the
bubble interaction, but also coalescence or breakup
can take place via bubble collisions, consequently
leading to a crucial impact on the hydrodynamics and
the mass and heat transfer between gas-liquid phases.
For an in-line bubble pairs rising in non-Newtonian
fluids under the buoyancy force, previous investiga-
tions on various aspects have been reported theoreti-
cally and experimentally. In contrast, knowledge of
the dynamics of bubble pairs aligned horizontally,
which is more relevant to real industrial processes,
still remain to be considered due to the inherently
complex nature of non-Newtonian fluids. Thus, ade-
quate knowledge for interaction dynamics of a pair of
bubbles rising side by side in non-Newtonian fluids is
essential to the understanding of gas-liquid equipment
design and an overall insight into bubble coalescence
mechanism.

Compared to lots of research on single bubble [3],
much less is known about the bubble pairs behaviors
rising in non-Newtonian fluids. However, most of the
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experimental and numerical investigations were fo-
cused on the wake formed behind the leading bubble
and its effect on trailing bubble, as well as its differ-
ence from that in Newtonian fluids. Unlike the drag-
ging effect of the wake in Newtonian fluids, a nega-
tive wake in non-Newtonian fluids was firstly ob-
served to push the liquid away from the bubble by
Hassagar [4]. Subsequently, by means of laser-doppler
anemometry (LDA), Bisgaard and Hassagar [5] con-
cluded that a negative wake was induced by elasticity.
This peculiar phenomenon has also been observed for
spheres falling in viscoelastic liquids [6]. Furthermore,
Frank and Li [7, 8] found the coexistence of three dis-
tinct zones around bubbles rising in polyacrylamide
(PAM) solutions. Sousa et al. [9] found that for the
most concentrated carboxymethyl cellulose (CMC)
solution, a negative wake was also formed behind the
Taylor bubbles. Lin and Lin [10] has proposed that for
two in-line bubbles, the acceleration of the trailing
bubble to the leading bubble owes to the dragging
force caused by the negative pressure and the
shear-thinning effect in addition to the pushing force
caused by the viscoelastic effect. However, few at-
tempts have been made to investigate experimentally
the interaction between bubble pairs rising side by
side in non-Newtonian fluids. Fan et al. [11] focused
the rise and interaction between two parallel rising
bubbles by analyzing the velocity field around bubbles
using particle image velocimetry (PIV), and found that
within certain distance between two bubbles, the in-
teraction between two neighboring bubbles changed
from mutual repellence to attraction with the decrease
of the angle of the line of linking two bubble centers
to the vertical direction.
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Besides the experimental techniques, numerical
simulation method has become an increasingly popu-
lar approach for the study of bubble dynamics due to
its high capability to obtain some essential physical
information. By a finite difference method based sim-
plified marker and cell (SMAC) implicit solver on a
staggered grid, Kishorea et al. [12] proposed a simple
correlation for the total drag coefficient for a single
sphere sedimenting in power-law liquids. Tsamopoulos
et al. [13] simulated the rising and deformation of a
bubble in a viscoelastic fluid via the mixed finite ele-
ment method coupled with a quasi-elliptic mesh gen-
eration scheme. Singh and Denn [14] carried out nu-
merically the interaction of two and three bubbles
rising in a Bingham fluid using a regularization finite-
element method. By rheological simulation and bire-
fringence visualization, Li [15] and Li et al. [16] proved
that in-line interactions are governed by a dynamical
competition between the creation and relaxation of
stresses in non-Newtonian fluids. With rapid develop-
ment of numerical method, the motion and deforma-
tion of bubble or drop in non-Newtonian fluids have
been explored respectively using level set method [17],
volume of fluid [18, 19], first principle method [20, 21]
and Lattice Boltzmann method [22]. Recently, the mo-
tion of deformable gas bubbles rising freely in quies-
cent shear-thinning solutions within a wide Reynolds
number range has been simulated by an improved
level set method [23]. Nevertheless, these experimental
and numerical studies cited above focused frequently
on the hydrodynamic interaction of in-line bubble pairs
in non-Newtonian flows. In contrast, few numerical
investigations of the rising and interaction of bubble
pairs with horizontal alignment in non-Newtonian fluids
have been reported except for the work of \VVélez-Corderoa
et al [24]. According to Ref. [24], bubbles rising in the
fluids experienced so-called drafting-kissing-tumbling
process.

Although considerable progress of numerical re-
search on the motion behavior of bubble pairs rising in
Newtonian fluids has been achieved, the research about
this issue in non-Newtonian fluids, especially for two
bubbles aligned horizontally, remains still insufficient
in the literature. The scanty of previous works was
carried out by 2D calculation [24]. However, the com-
plex dynamic interface cannot be reflected by 2D
simulations. For example, the bubble asymmetric de-
formation or spiral rise in a bubble column should be
computed by 3D simulations. In this work, by taking
into account the rheological characteristics of shear-
thinning fluid, a 3D simulation based on CFD approach
was performed to study the rising process of two bub-
bles in shear-thinning fluid combining volume of fluid
(VOF) method with continuous surface force (CSF)
method, and the interaction between two bubbles
aligned at various arrangement was discussed.

2 SIMULATION

The modeling approach selected in the simulation

was Volume-of-Fluid (VOF) [25] method which is a
volume-tracking method used to model free surfaces.
The rising of bubble pairs side by side driven by buoy-
ancy in a quiescent shear-thinning liquid was considered
for modeling purpose with the following assumptions:
(1) the fluids in both phases were incompressible and
immiscible; (2) the two-phase flow was laminar and
isothermal. The 3D computational domain is sketched
in Fig. 1.

Figure 1 Schematic diagram of solution domain for nu-
merical simulation

2.1 Governing equations

In this method, a particular phase ‘¢’ is identified
by its volume fraction (a,) in a computational cell. If
a,=1, the cell is full of the gth (secondary) phase; if
a,=0, the cell is full of the pth (primary) phase and if
0<a,<1, the cell contains the interface between the pth
and gth phases. The equation of conservation of mass
and momentum governing both the liquid and gas
phase are given by Egs. (1) and (2). Tracking of the
interface(s) between the phases is implemented by the
solution of continuity equation for the volume fraction
of one of the phases as given by the following Eq. (3).

VU =0 1)

p(@) (%—‘ZW(UU)] -
~Vp+V[2u(a)D]+ F, + p(a)g )
%—C: +UVa=0 3)

where U is the velocity vector, p the pressure, u dy-
namics viscosity coefficient, Fs volume force due to
surface tension, p(o) the density and g the gravity.
Rate-of-deformation tensor, D is

D=%[VU+(VU)T] 4)

When a computational cell is not entirely occupied by
one phase, mixture properties estimated by Egs. (5)
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and (6) are used to solve Eq. (2):
pla) = p @)+ py1-a) ()

wa) = p(@) + 1y (1-a) (6)

where the subscripts / and g are used for liquid phase
and gas phase, respectively.

2.2 Momentum source term considering interfa-
cial tension

The interfacial tension along the interface be-
tween fluids must be taken into account due to its key
effects on the bubble motion and deformation, since
the small curvature of gas-liquid interface tends to
bring the lager additional pressure in these flow con-
ditions. In the paper, the CSF model [26] was used to
compute the surface tension force for the cells con-
taining the gas-liquid interface:

PV

F=c ()

E(pl + pg )
where, ¢ the surface tension, local surface curvature, «,
is calculated as follows [26]:
x=0(Vh)= L{L
||

Vin| —(Vn)} (8)

|n|

2.3 Constitutive equation for shear-thinning fluid

In this paper, according to the intermediate re-
gion of shear rate, the constitutive equation of a
shear-thinning fluid could be expressed by the
Power-law model [27]:

() =Ky ©)

Once the local shear rate, 7, has been calculated
at each nodal point in the domain, the apparent viscos-
ity « can be reconstructed, whereas the local viscosity
changed instantaneously with the velocity vector by
the following formula [21]:

7=+2(D: D) (10)

Therefore, the viscosity of a shear-thinning non-
Newtonian fluid was obtained by combining Egs. (4),
(9) and (10), which were carried out through compiling
a user-defined-function (UDF) program.

2.4 Solution domain, boundary conditions and
numerical schemes

In the present work, a cubic 3D solution domain
(52 mmx52 mmx52 mm) with uniform structured grid
was used. The geometry for bubble pairs close to the
bottom wall was built and the mesh was created using
software Gambit 2.3 as shown in Fig. 1. Note that a

grid independence certification was performed by
simulating the bubbles rising under the same condi-
tions (¢1=0.28 s, D=6.0 mm, 0.8% CMC solution and
S1=10.0 mm) using different sized grids to ensure the
accuracy of numerical results. The typical effects of
mesh size on predicted terminal shapes of bubble pairs
under the same conditions are given in Fig. 2. The
different cell size 0.4 mm, 0.5 mm, 0.6 mm and 0.7 mm
were tested for calculation. It is found that the simula-
tion is accurate enough with the 0.4 mm, 0.5 mm
resolutions, and considering computational time re-
quired, the mesh size of 0.5 mm (corresponding 1124,
864 cells) was adopted for subsequent simulations.
Consequently, there exist 104 cells in x, y and z direc-
tion and 12 cells for one bubble diameter.

les rising in quiescent
liquid at different computing meshes (1=0.28 s, D= 6.0 mm,
0.8% CMC solution and S; = 10.0 mm)

mesh size/mm: —0.4; - --0.5; ----- 0.6; ------ 0.7

In the initial calculation, two spherical bubbles
with diameter D were set symmetrically along the ver-
tical axis of symmetry in the computational domain.
Both the liquid and the bubble were assumed to be
stationary at the initial state. The boundary conditions
given in Fluent 6.3 were the pressure one at outlet for
top surface, the stationary wall with no slip for side
surfaces, and the gravity effect was considered in the
whole process.

Model Egs. (1), (2), and (3) given above were
solved using the segregated unsteady solver in FLU-
ENT. Discrimination terms were set as follows: the
PRESTO! scheme for the pressure term, second order
up-wind for the momentum equation, and the
Geo-Reconstruction scheme for the volume fraction.
The pressure implicit with splitting of operator (P1SO)
algorithm was used for the pressure-velocity coupling
in the momentum equation. The relative error between
two successive iterations was_specified by using a
convergence criterion of 1x10~° for each scaled resid-
ual components, and the time steps used in the simula-
tions are usually 1.0x10°s.

3 RESULTS AND DISCUSSION

3.1 Comparison with experimental results

To validate the numerical method and to offer a
reference for the investigation of bubble interaction,
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the buoyant rising process of twin bubbles is first
simulated. Especially, the experiment under the same
condition was carried out in plexiglas square tank with
two identical polished orifices (inside diameter 1.0
mm) at tank bottom. Note that the orifice spacing was
adjusted to 10.0 mm, the bubble volume was set ac-
curately by using two syringes, thus, the two bubble
rising process can be observed and acquired by digital
camera. Fig. 3 shows respectively the numerical re-
sults and experimental observations of rising sequence
for bubble pairs in 0.8% (by mass) CMC aqueous so-
lution with bubble diameter D=6.0 mm. The liquid
properties (p = 1.0102 g-cm™; o= 0.06804 N-m;
K=0.127 Pa-s", n=0.904) coupled with shear-thinning
effect yield a Morton number Mo from 4.5x10™* to
6.0x10 *, and the Eétvds number Eo is 5.2 for both
bubbles. The Reynold number Re corresponding to the
terminal velocity is 12.3. From the view of whole ris-
ing process, it is clearly seen that due to the increas-
ingly weakening of the interaction of the adjacent
bubble, both simulated bubble and measured bubble
take on egg shape in initial period and then evolves
gradually into ellipsoidal shapes with the flat bottoms
in the final period. Meanwhile, the quantitative com-
parison of bubble characteristics, including aspect
ratio, rising distance and bubble spacing, are presented
in Fig. 4. Nevertheless, the reasonable agreement is
found between the simulated bubbles shape, trajectory
at every rising moment and the photographs taken in
the experiments. Thus, it implies that by considering
rheological characteristics of shear-thinning fluid, the
numerical technique based on the VOF method can
accurately predict the shape and path of two bubbles
throughout the rising process under the present condi-
tions, and can be qualified for the rising of bubble
pairs with various alignments.

3.2 Bubble-bubble interaction: horizontal align-
ment

Under low Reynolds number, the interaction be-
tween a pair of bubbles is mainly influenced by the
center-to-center distance and their relative configura-
tion, as shown in Fig. 5, where g is the angle between
the centerline of bubbles and the horizontal direction.
Here, the interaction between two horizontally aligned
bubbles is studied with three various initial distance
S =17, 3.3, 5.0 with =0, where § =S8/D, and S,
being the initial distance between the bubble pairs,
and D the bubble diameter.

Figure 6 shows the simulated results on the rising
process of abreast bubble pairs with three initial dis-
tance with Fo=5.2 and Re<14.1. The results reveal
that the path, shape as well as velocity experience a
significant variation with the increase of the distance
between the centers of two bubbles. For S = 1.7, bub-
bles deform gradually from spherical shape to ellip-
soidal shape and then to ellipsoidal shapes with the
flat bottoms. Both bubbles start to deviate vertically
from the middle point between the two bubbles, and
finally recover their horizontal poses with terminal
shape. Consequently, the distance between two bub-
bles increases first fast and then slow as shown in Fig.
7. Itis indicated that the horizontal repellence between
them plays a key role in their rising process in
shear-thinning fluid within simulated Reynolds num-
bers. The reason has been attributed to either the
dominant viscous force due to the vertical flow de-
veloped around the bubbles for small value of Re [28],
or the dominant potential force due to the sufficiently
thin boundary layer developed on the bubble surface
for large Re [29].

© o
©0O

0.08s 0.12s 0.16s

0.24s 0.28 s

0.20s

Figure 3 A series of instantaneous state of rising bubble pairs in 0.8% CMC aqueous solution for (up): numerical results

and (low): experimental measurements (S//D = 1.7, D= 6.0 mm)



Chin. J. Chem. Eng., Vol. 21, No. 7, July 2013 709

1.2 0.06
1.1+ 0.05 |
g L
o 1.0 ?2 0.04
E 09} g 003}
3 8
208 o0 0.02 1
e £
0.7 - 2 001+
0.6 0k
0 5 1 1 1 1 _001 Il 1 1 1
' 0 0.1 0.2 0.3 0 0.1 0.2 0.3
time/s time/s
(a) Aspect ratio (b) Rising distance
0.020
p L
S 0.015
s
2
2
=)
2 0.010 |
=)
0.005 L L 1
0 0.2 0.3
time/s

(c) Bubble distance
Figure 4 Comparison between simulation and experiment for aspect ratio, rising distance and bubble distance

K/

Figure 5 Schematics of the configuration of a bubble pair

In contrast, for §" = 3.3, only a minute repulsive
effect between two bubbles is observed: the bubble
deformation takes place mainly within the beginning
stage (<0.16 s), as shown in Fig. 6 (b), however, the
distance between bubbles gets rise slowly in the later
rising stage, as shown in Fig. 7. However for §' =5.0,
the bubble-bubble interaction is hardly found in simu-
lated condition: both bubbles rise in a straight trajec-
tory without horizontal motion, like single bubbles as
illustrated in Fig. 6 (c). Besides, it is worth noting that
the bubble velocity in rising process increases with the
distance between bubbles, in other words, the vertical
motion of bubbles with small distance is weakened by
their repulsive motion in horizontal direction. So it is
reasonable to conclude that bubble-bubble interaction
exhibits a repulsive effect, which decreases with the
distance between bubbles under simulated conditions.

Furthermore, a series of typical flow fields
around two-bubble pairs in above distance condition is

compared at the meantime and the results are pre-
sented in Fig. 8. It is demonstrated that the wakes be-
hind each bubble are formed since bubbles start to rise
due to buoyancy. For small bubbles distance, for ex-
ample S = 1.7 or 3.3, both wakes formed behind two
side-by-side bubbles will encounter each other, lead-
ing to their deflections away from the symmetrical
axis, and consequently both bubbles are pushed away
in the deflected directions. However, for S* =5.0, no
deflection of both wakes behind bubbles is observed,
and the wakes do not impact each, implying that bub-
ble-bubble interaction does not occur anymore. Espe-
cially, the wakes induced by both bubbles are influ-
enced little due to larger distance between them, hence
resulting in no obvious change of the horizontal re-
pellence between bubbles, even by virtue of the shear-
thinning effect of fluid. This truth was also attributed
to the dominant role of the wake instability on the mo-
tion of a pair of bubbles with changing direction [30].

3.3 Bubble-bubble interaction: the effect of g

The interaction between two bubbles with an
oblique configuration is investigated by considering
their relevant position, in terms of 5. The contours of
the bubble surface at different time for two initial an-
gles f: 17° and 31° are respectively illustrated in Fig. 9,
with the identically horizontal distance of §'=1.7. It
is manifested that for £o=5.2 and Re<14.7, when the
configuration angle g increases, the interaction
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Figure 7 Bubble distance variation with time during ris-
ing process of bubble pairs (D=6 mm) (variation ratio of
bubble distance Ey = S/S), S the practical distance between
bubble pairs)

S:0l7, 033; 5.0

between two bubbles alter from repellence to attrac-
tion as the bubbles rise in the domain shown in Figs. 9
(@) and 9 (b), respectively. For small angle (8=17°),
when the bubbles begin moving, the lower bubble is
pulled up by fluid flow induced by the wake behind
the upper one, conversely leading to a pushed-away
effect on the upper one. Thus, the both bubble shapes
deforms significantly and their rising paths deviate
gradually from the original vertical line, resulting in
increase of the bubble distance. However, For large
angle (8= 31°), the lower bubble approach slowly and
eventually is drawn by the wake of upper one, then the
horizontal attraction between the bubble pairs be-
comes obvious and they gradually gets closer after the
time of 0.12 s. Besides, it is noted that in case of large
angle, the lower bubble eventually evolves into egg
shape with its flatted bottom due to the attraction of
wake behind upper one, whereas significant clockwise
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Figure 8 Instantaneous flow field around rising bubble pairs (D=6 mm) at the time of 0.16 s with §"=1.7, 3.3 and 5.0
007 F|Y 007 |7
o =024s%
7 X 7 X
0.06 - o o 1024s 0.06 % =020
o =020s
005 - o 005 |- =016s
B ° =0.16s By
0.04 - o 1=0.12s 0.04 -
O o 008
=008 s B
0.03 - 8 003 |- 1=0s
=03
1 1 1 1 1 _O 02 L 1 L L -{JUE
U'Ugu.uz -0.01 0 0.01 0.02 0.03 o2y U'Uzu_oz -0.01 0 001 0.02 0.103 002 &
X X
(@ p=171° (b) p=31°
Figure 9 Simulation results of rising process of two oblique bubbles with §" = 1.7 and D = 6 mm for g: 17°and 31°
1.6
80
141
12+ 60T
FL0F S 40t /’_‘/”"
0.8
20
0.6 "/‘\\N
04 T 005 010 015 090 095 0. 005 0 005 010 005 020 025
-0.05 0 0.05 0.10 0.15 0.20 0.25 0.30 : . . : . .

time/s

Figure 10 Variation ratio of nondimensional distance
between bubbles with time during their rise (S =1.7)

B =17° O vertical distance; A horizontal distance; o total
distance

S =231° mvertical distance; a horizontal distance; e total
distance

rotation occurs in the upper one with asymmetric el-
lipsoidal shape owing to the pressing effect of lower on.
Moreover, the vertical rising velocity of both bubbles
aligned with large angle is higher than that with small
angle. The reason can be attributed to the deduction of
viscosity of local region, produced by shear-thinning

time/s

Figure 11  Variation of configuration angle during the rise
of bubble pairs initially aligned at 17° and 31° (S =1.7)
S @ 17° A 31°

effect of the wake behind the upper bubble, rather than
repel each other in Newtonian fluid [24].

The variation ratio of bubble distance, defined as
Ey, is applied to describe the relative motion between
the two bubbles, and the results is shown respectively
in Figs. 10 and 11. Note that Ey includes two vertical
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Figure 12 Instantaneous flow field around two bubble pairs §" = 1.7 at time of 0.20 s with #=17° and g = 31°

and horizontal ratios. Firstly, for the vertical distance,
the ratio increases at the maximum value about 1.1,
and then decreases steadily in case of f=17°. How-
ever, for f=31°, the curve switches from increase to
decrease, up to ending value of 0.84. Secondly, for
horizontal distance, the ratio increases slowly fol-
lowed by rapidly for = 17°, whereas decreases with
the similar trend for f=31°. It is indicated that for
small angle, there always exists a repulsive impact
between bubbles in both directions, whereas for large
angle, an attraction effect between bubbles is often
displayed in both directions except for their initial rise
stage. Especially, the horizontal interaction becomes
crucial to the effect of “push” or “pull” between bub-
bles since the variation ratio curves of both horizontal
distance and total distance have the same trend during
the computed domain, consequently causing different
variation of  as shown in Fig. 11.

Figure 12 presents the typical flow field around
bubble pairs at time of 0.20 s. It is revealed that under
small angle condition, the upward flow of the liquid
between bubbles collide each other and will push both
bubbles far away. In contrast, for large angle, the lower
bubble is inclined to be caught by the wake of upper
one, which results in the acceleration of lower one
toward upper one due to the shear-thinning effect of
CMC solution, consequently the distance between them
decreases with the rising process. Nevertheless, there
might exist an equilibrium angle at which the repul-
sive and attractive interaction are balance, which is
essentially a competitive result between repellence in
horizontal direction and attraction in vertical direction.

4 CONCLUSIONS

The interaction between twin bubbles aligned with
various configuration has been numerically investigated
by adopting volume of fluid (VOF) method combining
continuous surface force (CSF) method. By consider-
ing rheological characteristics of shear-thinning fluid,
it has been demonstrated that the use of this method
can satisfactorily simulate the interaction and defor-
mation process of twin bubbles rising in a quiescent
shear-thinning fluids in low Re number by comparing

with experimental measurements. The influences of
the initial distance between two bubbles, as well as the
angle between the centerline of bubbles and the hori-
zontal direction on the interaction of bubbles, were
discussed respectively by analyzing the bubble defor-
mation, rising paths as well as flow fields surrounding
bubbles.

The results indicated that for two rising bubbles
with horizontal configuration, the interaction between
them shows repulsive effect, which decrease with the
initial center-to-center distance of bubbles despite re-
duction by the shear-thinning properties of fluid. The
reason lies in that for the small initial distance between
bubbles, both wakes formed behind bubbles act each
other heavily, resulting in a strong push-away effect
on both ones. However, for two oblique bubbles, there
might exist an equilibrium angle at which the repul-
sive and attractive interactions are balance. Above the
equilibrium value, the dynamics interaction between
two bubbles presents repulsive effect, whereas shows
attractive impact for below the value under this simu-
lated condition.

NOMENCLATURE
D bubble diameter, m
D rate-of-deformation tensor
Ey variation ratio of bubble distance (S/S;)

Eo E6tvos number [Eo = D’g(p; — pg)la]

volume force, N-m™

gravitational acceleration, m-s™

consistency coefficient, Pa-s”

0 Morton number (Mo = gulp,0° )

normal vector

unit normal vector

pressure, Pa

Reynolds number (Re = Dupili;)

actual distance between bubbles, m

initial distance between bubbles, m
dimensionless distance between bubbles (S//D)
time, s

velocity vector

volume fraction function

angle between the centerline of bubbles and the horizontal direction
local shear rate, s

local surface curvature

"B=>=§>q%;§

,

z%‘%ﬁq“%hh?
R
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u apparent viscosity, Pa-s

p density of fluid, kg-m~

o surface tension, N-m™

Subscripts

g gas

1 liquid

P the pth phase

q the gth phase
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